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Chapter 3
Bisecting and D-secting families for
hypergraphs
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Definition 2.1
Let A, B C [n]. Then, B bisects A if |[An B| € {|1l], [1417}.

Example 2.2
Let n=10, A= {1,2,3,6,7,8}, C = {4,5,6,7},
B ={1,3,5,8,10}. Then, |[BNAl=3=14 (Bnc|=1% 5

Xa=1{1,1,1,0,0,1,1,1,0,0}, Xc = {0,0,0,1,1,1,1,0,0,0},
Ye={1,-1,1,-1,1,-1,-1,1,-1,1}.
(Xa, YB) =0, (Xc, Yg) =—-2#0.



Equivalent definition

Definition 2.3 (Equivalent)

Let D ={-1,0,1}. B bisects Aif |[AnNB|—|AN([n]\ B)| € D.




B D-sects A - generalizing Definition 2.3

Let [£/] denote {—i/,...,0,...,i}.

Definition 2.4

Let D C [£n]. Then, B D-sects Aif |[AnNB|—|AN([n]\ B)| € D
( <XA, YB> S D)

v

Example 2.5

Let n=10, A={1,2,3,6,7,8}, C = {4,5,6,7},

B =1{1,3,5,8,10}. Then,

AN Bl — AN ([n]\ B) = (Xa, Yg) = 0 € D.
[CnB|—|Cn([n\B)|={(Xc, Yg) = —2 € D. Therefore, B
D-sects both A and C.
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Definition 2.6

B is a bisecting family for A if for every A € A there exists an
B € B such that B bisects A.

Example 2.7

Let A= {{1,7,3},{1,4,5,6},{2,3,6,1},{2,4,7,8}}. Then,
B ={{1,4},{2,6,8}} bisects F. Another family

B’ = {{1,8,2,5}} of smaller cardinality also bisects .A.
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B D-sects A

Definition 2.8

Let D C [£n]. B is a D-secting family for A if for every A; € A
there exists an B; € BB such that B; D-sects A;.

A bisecting family is a D-secting family, where D = [+1].

Notations:

Bp(A): min. cardinality of a family B that D-sects A.
Bp(n): max. of Bp(A) over all families A C 217,
Bp(n, k): max. of Bp(.A) over all families A C ([Z]).
Bi+i(A): Bp(A), when D = [+i].
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Definitions

Points: {1,...,n}
Family of subsets: A
Family of subsets (or bicolorings) of [n]: B
DC{-n+1,...,n—1}.
m A B VAe A IBeB-(Xa Ys)€{-1,0,1}: Bisa
bisecting family for A.

m A= B VA€ A IBe€B-(Xa Yg) € D: Bisa D-secting
family for A.
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Results

[£i]={-i,—i+1,...,0,...,i}.
Theorem 2.9
Brei(n) =41, neN, i€ [n].

The Chernoff’s bound gives
Theorem 2.10

Let A be a family of subsets of [n]| and let m = | A|. Let
Y. M and t < %Iog m. Then, B+jj(A) < t.
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Bisecting k-uniform families

Theorem 2.11

For a family F consisting of k-sized subsets of [n] and dependency
d, Ba1)(F) € O(Vklog d).

Lemma 2.12

Bran(m k) > log(n — k +2), when k is even and % is odd,
n7 — n
= [(og[ )1

Lemma 2.13

Bry(n, k) € Q(y/ 8,




Bisecting k-uniform families...

Theorem 2.14

Let ¢ be a constant such that 0 < ¢ < % and ne N. If
k =2 (mod 4) is odd, and cn < k < (1 — ¢)n, then

Breay(n, k) > dn

, where § = §(c) is some real positive constant.

Theorem 2.15

Let A= (I u () ...u (). Then,
TAEL < Breay(A) < min{g,n— k + 1},




D-secting with one-sided error

Bi(A): Bp(A), when D = {i}.
Theorem 2.16

“FL<Bin)<n—i+ 1 neN,icnl

Moreover, 31(n) = [5].



Chapter 4
Induced bisecting families for hypergraphs
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maximum number of those common zeros a polynomial P of degree
k can go through without going through them all is 2" — 2"k
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Theorem 3.1
Riehl and Graham Evans Jr. (2003) Given the n quadratics in n
variables x1(x1 — 1),...,xa(xn — 1) with 2" common zeros, the

maximum number of those common zeros a polynomial P of degree
k can go through without going through them all is 2" — 2"k

v

Lemma 3.2

B9(n) > n—1, when d is odd.
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Let d be an integer greater than 1. Then, d < Bd(d +1)<d+1.
Moreover, 39(d 4+ 1) = d + 1, when d is even.




Lemma 3.3

Let d be an integer greater than 1. Then, d < f9(d +1) < d + 1.
Moreover, 39(d 4+ 1) = d + 1, when d is even.

P P, P3s Py, Ps Py P, P3 Py Ps P P, P3s Py Ps
Lol vof eaf vl s [ws] o] o] ws] oa]  [oa] ws] en] vo] v
X1 X2 X3
P, P, P P, Ps P PP PP
IUSI ”4I Usl v1| “2| | vzl U3| v4| vsl v1|

X4 XS

Figure : Vertices in (i) P; and P, are colored with +1, (ii) P4 and Ps are
colored with -1; the vertex in P3 remains uncolored. Y = {Yy,..., Y5} is
an induced bisecting family when n=d 4+ 1 = 5.



Theorem 3.4

Let 2 < d < n, where d and n are integers. Then,
2"(” D < gd(n) < ([ -1 W) [2=17(d + 1). Moreover,
ﬁd( ) >n—1, when d is odd.




Algorithm

12 gg+1..dd+1..n
000 - @0 - O

l®
2@
i @
d/2+10
"o

Figure : Coloring 1
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12 g%+1..dd+1..n 192 dd+1..d+%..

1 @ o
2@ ®
i/2 @ /2 @
d/2+ 1O 10
O O

Figure : Coloring 1 Figure : Coloring 2



Algorithm

12 g%+1..dd+1..n 192 dd+1..d+%..
@ 2o
i/2 @ i/2 @
d/2+1Q d/2+10
O n O
Figure : Coloring 1 Figure : Coloring 2
12n-9n-%441..n
0C--0 @ - @
l®
20
a2 @
d/24+10)
n O

Figure : Coloring 27;’ —



Algorithm

12 ddyq..dd+1..n
22
1.OO"OQ - @0 - O
2@
i/2 @
4/2+10
O
Figure : Coloring 1
12n—14 n—94+1..n
OIOXIONNN ) [ )
l®
‘e
a2 @
d/24+10)
n O
Figure : Coloring 27:’ —

12 dd+1--d+4..
1.OO--OQ - @0 - O
2o

a2 @
d/2+10
n O
Figure : Coloring 2
127L—f§lnff:;’+1~-

1 000 @
O
'nfd'.
—d+1l@
nf%..

O
n O
. . 2

Figure : Coloring ()



Theorem 3.5

Let 2 < d < n, where d and n are integers. Then,
mrl) < p9(n) < ([ d-1 1) + [5717(d 4+ 1). Moreover,
Bd( ) > n—1, when d is odd.
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Theorem 3.5

Let 2 < d < n, where d and n are integers. Then,
2”(” ) <ﬂd(n) ([ d-1 1) + [5717(d 4+ 1). Moreover,
Bd( ) > n—1, when d is odd.

This establishes asymptotically tight bounds on 39(n) for all values
of n, when d is odd. Moreover, the bound is asymptotically tight
when d € O(y/n), even if d is even.

However, when d € Q(n%5%€) and d is even, the above lower
bound may not be asymptotically tight, for any ¢, 0 < € < 0.5.
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n . ) -
1 2 3 4 5 6 7
2zl m
g
=
2| Age> 657 1 1 1 1 1 1 1
=
=
=
<1,
Wt > 557 1 1 1 1 1 1 1
Ht > 5ft7 1 1 1 1 1 -1 -1

Figure : Person-Attribute matrix
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Individual
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ot
D
-~

m

Age> 657 -1 -1 1 1 1 1 1

Attributes

Wt > 557 1 -1 1 -1 1 1 1
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A subset chosen to represent an attribute must contain exactly
equal number of individuals of complementary traits.
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A subset chosen to represent an attribute must contain exactly

equal number of individuals of complementary traits.
Such a set is an Unbiased representative for the attribute.

Individual
- .

n

ot
D
-

m

Age> 657 -1 -1 1

Attributes

Wt > 557 1 -1

Ht > 5ft? 1 1 1

Figure : Person-Attribute matrix

A ={1,2,3,4} is an unbiased-representative for attributes age and
weight, but not height.
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A subset chosen to represent an attribute must contain exactly
equal number of individuals of complementary traits.
B = {2,4,5,6} is an unbiased representative for attributes weight

and height, but not age.

Individual

Attributes

Wt > 557 1 -1 1

Ht > 5ft? 1 1 1 1 -1 -1 -1

Figure : Person-Attribute matrix

Yheight = {13 1,1,1,-1, -1, _1}v Yage = {_17 -1,1,1,1,1, 1}!
Xg = {0,1,0,1,1,1,0}.



Drug testing...

A subset chosen to represent an attribute must contain exactly

equal number of individuals of complementary traits.
B = {2,4,5,6} is an unbiased representative for attributes weight

and height, but not age.

Individual
n -
1 3 7
zl[ m
2| Age> 657 Bl 1 1 1 1 1 1
=
Wt > 557 1 1 1 1 1 1 1
Ht > 5ft? 1 1 1 1 -1 1 1

Figure : Person-Attribute matrix

Yheight = {13 17 17 17 _]-a _1a _1}v Yage = {_17 _17 17 1) 17 17 1}v

Xg = {0,1,0,1,1,1,0}.
<Yheight7XB> == Or <YageaXB> ?é 0.
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’}/(Fl7 [k17 kg], [rl, r2]) = mng([i [kl, kz], [I’l7 I’Q]).
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Let F € F(xy,...,x,) be a polynomial and S, ..., S, be
non-empty subsets of IF, for some field F. If F vanishes on all but
one point (si,...,sp) € S1 X -+- x S, CF", then deg(F)

>3 (18] - 1).

This can be proved using Combinatorial Nullstellensatz Alon
(1999).

An easy consequence of the above lemma yields
~v(n,[1,n—k],[2,n]) > n— 1.
A={{1,2},{1,3},...,{1,n}} is a SUR for any collection of
non-monochromatic bicolorings.

Theorem 4.3
¥(n,[1,n—K],[2,n]) =n—1, where1 < k < [3].
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O(log |B|) upper bound

_ Vr
m (B, [an, (1 —a)n],r) — rati—a)? In(|B|) upper bound.

m (Y, Xa)| <eyr+ %: randomized construction yielding
In |B| cardinality SUR.

m Covering (Stein, 1974; Lovész, 1975) connection

(g)((%f):g) < y(n k,r) < (r)((zn):r) <1+O.7r+|n(<z:£>)>.

r
2 2
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m The Radl nibble extension Alon et al. (2003):

% < (n, k,2k) < %(1 +0(1)),
(%) (%)
provided k < Iog4 log, (n%57€), for any 0 < € < 0.5.

m y(n,5,5) < 5. Moreover, y(n,5,7) > dn if n/2 is even and

n/4 is odd, for some 0 <0 < 1.

m Hardness of approximation: (1 — Q(l))“}l—;".
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Bisection related problems
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A quadratic upper bound for ¥(n) is easy.

If A= {Aq,...,A:} such that |A;| <|Aj| implies A; bisects A;,
then [A| < n+1.
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Inlnn -

Let n be an integer more than 30. Then 9¥(n) <

Proof: Let A be a bisection closed family of subsets of [n] of
maximum cardinality.

Ag = {A € A||A| =0 mod 3}.
A1 ={Ac A||A| =1 mod 3}.
Ay = {A e Al|A| =2 mod 3}.

Claim 1
|Ail <n+1forie{l,2}.
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Let A1 = {A1,...,An} and let a1,. .., an denote their
corresponding 0-1 incidence vectors.
Construct m polynomials, f; to fy,, in the following way.

fl(x) = <3j,X> - é, forl1 <j<m,

Note that since |A;| =i (mod 3), (i) (a;,a;) =i (mod 3), (ii)
i # 4 (mod 3) unless i =0 (mod 3). So, f;'s are linearly
independent over F3 (see (Jukna, 2011, Lemma 13.11)). This
concludes the proof of the claim.
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Size of Ag = {A € A||A| =0 mod 3} is still unknown.
Consider the collection P = {p1,...,p,} of r smallest primes
2 < p1 < ...< prsuch that for any 2 < |A| < n, there exists a
prime p € P with p{ |A|.

If we repeat the steps done above for each p € P, then we can
take care of sets of each cardinality in A.

Al <r-p-n.



Theorem 5.3

Let n be an even integer. Let A be a bisection closed family of
maximum cardinality, where each A € A has cardinality strictly
greater than § and |A| is even. Then |A| < 5+ 1.

Lemma 5.4 (Folklore)

Let Xi,...,Xm be unit vectors in R" such that (X;, X;) < —, for
some 0 <~y <1andi+#j. Then, mg%-l-l.

Lemma 5.5

Let Y1, Y2 € {—1,1}" be incidence vectors corresponding to sets
A1,Az C [n], where Y(i) =1 ifi € A and Y (i) = —1 otherwise. If
A1 bisects Ay, then (Y1, Ya) = n — 2|A4].

4




Proof.
If Ay bisects Ay, then

(Y1, Ya) =(n— |A1| — ‘A2|) 1 (both Yi(i), Ya(i) are -1)
el

> 1 (both Yi(i), Ya(i) are 1)
Hml -2y a s v s
+(’A22\) (-1) (Ya(i) is -1, Ya(i) is 1)

— <Y1, Y2> =n— 2’A1‘

L]
v




Proof of Theorem 5.3

For any A € A, let Y4 € R” be defined as

1 . .
Ya() T ifieA 1)
A —L if g A
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In particular, || Yal|? = 1. So, Y4 is a unit vector corresponding to
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Proof of Theorem 5.3

For any A € A, let Y4 € R” be defined as

1 . .
Ya() T ifieA 1)
A —L if g A
Vn? ’

In particular, || Yal|? = 1. So, Y4 is a unit vector corresponding to
A. From Lemma 5.5, we have the following observation regarding
the dot products of distinct Y4 and Y.

(Ya, Yg) = ”_3|A|, if A bisects B,
ArTBIT ) n=21B| i B pisects A.

n

(2)

Since |A| > 2 and |B| > 2, it follows that (Ya, Yg) < —2. So,
using Lemma 5.4, we get, |A| < 5 + 1. O



Theorem 5.6

Let n be an even integer and let § > 1. Let A be a bisection closed
family of maximum cardinality, where each A € A has cardina/ity in

the range [g—%,%%. and |A| i Al < 52 n
Lemma 5.7

Alon (2009); Codenotti et al. (2000) Let A be an m x m real
symmetric matrix with a;; =1 and |a; j| < e for all i # j. Let

tr(A) denote the trace of A, i.e., the sum of the diagonal entries of
A. Let rk(A) denote the rank of A. Then,

(tr(A))? m
rk(4) 2 tr(A?) = m+ m(m — 1)€?
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n—2 1
‘ n | = dv/n”
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BBT is an m x m real symmetric matrix with the diagonal entries
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2 < 1
From Lemma 5.7, rk(BBT) >

We know that rk(BBT) < n.

Soon>m-—1 O

>
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Proof of B1y;y(n) = [57]

1 2 ... % (%+1) n

. B,

NS

Observe that 7" = {By,..., Bz} forms a bisecting family for
F =2l
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Lemma 7.1

By (n) < 3.
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Lemma 7.1

By (n) < 3.

What about a lower bound for 8j41;(n)?

log(n), Q(v/n).



Lower bound for Sj111(n)

Notations:
Xa = (x1,...,xn) € {0,1}": 0-1 incidence vector of A.
Ra=(n,...,m) € {—1,1}": (=1)-(+1) incidence vector of A.



Lower bound for Sj111(n)

Notations:
Xa = (x1,...,xn) € {0,1}": 0-1 incidence vector of A.
Ra=(n,...,m) € {—1,1}": (=1)-(+1) incidence vector of A.

Observe that (Xa, Rg) is equivalent to |[AN B| — |AN([n] \ B)|.

For any even subset Ae, (Xa,, Rg) € {0,£2,44,...} and for any
odd subset Ao, (Xa,, Rg) € {£1,43,45,...}.
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mMx) = T (X, Re))* ~1

BeF!

, where F' is a bisecting family for F = 2[1].
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Lower bound for Sj111(n)

Consider the polynomial M on X = (xi,...,x,) € {0,1}" as

M(X)= T ((X,Re))* —1 (4)
BeF!

, where F' is a bisecting family for F = 2[1].

M(X) is (i) zero when X = Xy, for all odd subsets A, € F; and
(i) positive when X = Xy, for all even subsets A € F.

Let M'(X) be the multilinear polynomial obtained from M(X) by
replacing each higher power of x; in the monomials with x;.

deg(M'(X)) < deg(M(X)) = 2|7|.



Definition 7.2

A multilinear polynomial P(xi,...,x,) weakly represents f if P is
nonzero and for every X = (xi,...,x,) where P(X) is nonzero,
sign(f (X)) = sign(P(X)).

Definition 7.3

The weak degree of a function f is the degree of the lowest degree
polynomial which weakly represents f.

Lemma 7.4 (Minsky, Papert, 1969 1)

The weak degree of the parity function on n variables is n.

T Marvin Minsky and Seymour Papert. Perceptron: an introduction to computational
geometry. The MIT Press, Cambridge, expanded edition, 19(88):2, 1969.



Definition 7.2

A multilinear polynomial P(xi,...,x,) weakly represents f if P is
nonzero and for every X = (xi,...,x,) where P(X) is nonzero,
sign(f (X)) = sign(P(X)).

Definition 7.3

The weak degree of a function f is the degree of the lowest degree
polynomial which weakly represents f.

Lemma 7.4 (Minsky, Papert, 1969 1)

The weak degree of the parity function on n variables is n.

y

Note that M’(X) weakly represents the parity function. This gives
us, n < deg(M'(X)) < deg(M(X)) = 2|F'|

T Marvin Minsky and Seymour Papert. Perceptron: an introduction to computational
geometry. The MIT Press, Cambridge, expanded edition, 19(88):2, 1969.
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Bx1(n) = [31.
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Theorem 7.6
Bei(n) = [3].




Tight bound for B;(n)

Lemma 7.5

Bx1(n) = [31.

Lemmas 7.1 and 7.5 imply

Theorem 7.6
Bei(n) = [3].

Generalizing...

Theorem 7.7
Bi(n) = [3].
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pick a set B of t random subsets {By, ..., B:} of [n], where for
each j, 1 <j <'t, a point a € [n] is chosen independently and
uniformly at random into B;.
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Proof of 314jj(A) < 3n|nt(2m)

%Iogmforiz

pick a set B of t random subsets {By, ..., B:} of [n], where for
each j, 1 <j <'t, a point a € [n] is chosen independently and
uniformly at random into B;.

Let Yg, = (y1,--.,¥n) € {—1,1}" y;is 1 if and only if i € B;.

For any subset A € A, |JAN Bj| — |AN B;| can be viewed as sum of
|A| random variables distributed uniformly over {—1,1}.
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Let B={Bi,...,B:} be a bisecting family for the family
A= (&)
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Proof of 34)(n, k) > log(n — k +2) for k =2 (mod 4)

Let B={Bi,...,B:} be a bisecting family for the family
A= (1),
We associate a graph G(F) in the following way:

wcww:{5€<w>:5gAAef}
E(G(F)) = {{51,52} 5 NS = @,51,52 € V(G(.F))}

Observe that G(([Z])) is the Kneser graph KG(n, g) having
chromatic number n — k + 2(see Bollobas (2004); Aigner et al.
(2010)).



Proof of fi.jj(n, k) > log(n — k +2) for k =2 (mod 4)...

Contribution of each B € B is a bipartite graph.



Proof of 314;y(n, k) > log(n — k +2) for k =2 (mod 4)...

Contribution of each B € B is a bipartite graph.
Known result: The number of bipartite graphs needed to cover any
graph is log of the chromatic number of the graph.



Proof of B141)(n, k) > én

Let C € {0,1}" be a set of n-bit binary numbers together called
a binary code.

d(C): the set of all allowed pairwise Hamming distances in
C.

The code C is d-avoiding if d ¢ d(C).

Theorem 10.1 ( Keevash, Long, 2017")

Let C C {0,1}" and let € satisfy 0 < € < 3. Suppose that
en < d < (l—e€)nandd iseven. IfC is d-avoiding, then
IC| < 2(0=9" for some positive constant § = d(e).

T Peter Keevash and Eoin Long. Frankl-rédl-type theorems for codes and permutations.
Transactions of the American Mathematical Society, 369 (2): 1147-1162, 2017.
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Let F = (1) and let F/ = {Bi, Bs, ...} be a bisecting family for
F of the minimum cardinality.

For every A € F, there exists a B € ' s.t. |[ANB| = & (an odd
num).
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odd).



Proof of B141)(n, k) > én

Proof.
Let F = (1) and let F/ = {Bi, Bs, ...} be a bisecting family for
F of the minimum cardinality.
For every A € F, there exists a B € ' s.t. |[ANB| = & (an odd

num).

Let X4, Xg denote the 0-1 n-dim incidence vector of A, B, resp..
Then, < Xa,Xg >=1 ( mod 2) when B bisects A (since % is
odd).

Let W denote the vector space generated by the 0-1 incidence
vectors of the sets in F' over Fp. Let W be the subspace
which contains all the vectors perpendicular to W.
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Observation: W' contains no vector of weight k.
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Proof of B141)(n, k) > én (contd...)

Observation: W' contains no vector of weight k.

Reason: Suppose X4 € W has weight k. Then, from the
definition of W, 3Xg € W, s.t. < Xa,Xg >=1( mod 2). This
contradicts the definition of W.

That means, for any Xg, Xc € WL, Xg + Xc has weight
|[BAC| # k.

The set of all vectors in W+ is k-avoiding, where k is even.
Thus, using the Theorem of Keevash and Long, there exists a
positive constant § = §(c) such that |W*| < 2n(1=9),

So, dim(W+) < n— [dn]. It follows that dim(W) > |dn].



Hitting set relation

Lemma 11.1

Let B={By,...,Bm-1} C{—1,+1}" be a family of bicolorings of
[n]. Construct the family C = {Cy,..., Com} where

Gl = B,’(—{-l) and Gyjip = B,'(—].), for0<i<m-—1. Let

H = {h1, ha, h3, ...} denote a hitting set for C. Define

A ={(h1,hq)lhg € H,q > 1}. Then, A is a SUR for B of
cardinality |H| — 1.
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[n]. Construct the family C = {Cy,..., Com} where
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C, using a result of (Komlos et al. 1992), we can obtain a hitting
set for C of cardinality 2(In1 + 2 In Inl+6).



Hitting set relation

Lemma 11.1

Let B={By,...,Bm-1} C{—1,+1}" be a family of bicolorings of
[n]. Construct the family C = {Cy,..., Com} where

Goiv1 = Bi(+1) and Gyjyp = Bi(—1), for 0 <i<m—1. Let

H = {h1, ha, h3, ...} denote a hitting set for C. Define

A ={(h1,hq)lhg € H,q > 1}. Then, A is a SUR for B of
cardinality |H| — 1.

v

VB e B, if en < |B(+1)| < (1 —€)n and d be the VC-dimension of
C, using a result of (Komlos et al. 1992), we can obtain a hitting

set for C of cardinality 2(In1 + 2 In Inl+6).

This also helps in establlshlng the |napprOX|mabi|ity result for SUR
using another result of (Dinur and Steurer, 2014).
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v(n,5,5) < 5. Moreover, y(n, 5,5) > dn if n/2 is even and n/4 is
odd, for some 0 < § < 1.
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Proof.
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NI




Theorem 11.2

v(n,5,5) < 5. Moreover, y(n, 5,5) > dn if n/2 is even and n/4 is
odd, for some 0 <6< L

4

Proof.
LetA1 {1,2,...,%},/42:{2,3,...,g+1},...,A

{3,5+1,...,n—1}.
C= {Cl, e C(g)}, where C; corresponds to the +1 colored

n
2

2
points of B; € B.




Theorem 11.2

v(n,5,5) < 5. Moreover, y(n, 5,5) > dn if n/2 is even and n/4 is
odd, for some 0 <6< L

4

Proof.
LetA1—{1,2,...,%},A2:{2,3,...,§+1},...,A

{3,5+1,...,n—1}.
C= {Cl, e C(g)}, where C; corresponds to the +1 colored

n
2

points of B; € 82.
<YB,-7XA> =0— <XC,-7XA> = g (1 over Fg).




Theorem 11.2

v(n,5,5) < 5. Moreover, y(n, 5,5) > dn if n/2 is even and n/4 is
odd, for some 0 <6< L

v

Proof.
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Theorem 11.2

v(n,5,5) < 5. Moreover, y(n, 5,5) > dn if n/2 is even and n/4 is
odd, for some O <6< L

v

Proof.
LetA1—{1,2,...,%},A2:{2,3,...,g+1},...,A

{2, 54+1,...,n— 1}.
C= {Cl, ey C(g)}, where C; corresponds to the +1 colored

n
2

points of B; € 82.

<YB,-,XA> =0— <XC,-3XA> = % (1 over ]F2).

V C {0,1}" denote the vector space spanned by the vectors Xj's,
V©tis 7-avoiding.

Using (Keevash and Long, 2017), the lower bound follows. O

v
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