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Positive de�nite matri
esDe�nition (positive semide�nite Matrix)A matrix A 2 Rn�n is 
alled positive semi-de�nite if8x 2 Rn : xTAx � 0:Theorem (Diagonalization)Let A 2 Rn�n be symmetri
 (i.e. aij = aji), then A isdiagonalizable, i.e. one 
an writeA = 0B� ...v1... : : : ...vn... 1CA| {z }=L �0BBB��1 0 : : : 00 �2 : : : 0: : : : : : . . . : : :0 0 : : : �n1CCCA| {z }=D �0B� : : : v1 : : :...: : : vn : : : 1CA| {z }=LTwhere vi 2 Rn is orthonormal Eigenve
tor for Eigenvalue �i, i.eAvi = �ivi, kvik2 = 1; vTi vj = 0 8i 6= j. 245 / 292



Some useful resultsLemmaLet A 2 Rn�n be a symmetri
 matrix (vi orthonormalEigenve
tor for �i). Then the following statements areequivalent(1) 8x 2 Rn : xTAx � 0(2) �i � 0 8i(3) There is W 2 Rn�n with A =W TWI (1)) (2): 0 � vTi Avi = vTi (�ivi) = �i vTi vi|{z}=1 = �iI (2)) (3): A = LDLT = LpDpDLT = (pDLT )T (pDLT )| {z }=:WI (3)) (1): For any x 2 Rn :xTAx = xT (W TW )x = (Wx)T � (Wx) � 0Remark: Matrix W 
an be found by Cholesky de
ompositionin O(n3) arithmeti
 operations (if p 
ounts as 1 operation). 246 / 292



The semide�nite 
one

�

� �� �� 
� � 0I Def.: Write Y � 0 if Y is positive semide�nite.I Fa
t: The setfY 2 Rn�n j Y � 0; Y symmetri
g = 
onefxxT j x 2 Rngis a 
onvex, non-polyhedral 
one. 247 / 292



A semide�nite programGiven:I Obj. fun
tion ve
tor C = (
ij)1�i;j�n 2 Qn�nI Linear 
onstraints Ak = (akij)1�i;j�n 2 Qn�n ; bk 2 QmaxXi;j 
ijyijXi;j akijyij � bk 8k = 1; : : : ;mY symmetri
Y � 0I Frobenius inner produ
t: C � Y :=Pni=1Pnj=1 
ij � yij 248 / 292



A semide�nite programGiven:I Obj. fun
tion ve
tor C = (
ij)1�i;j�n 2 Qn�nI Linear 
onstraints Ak = (akij)1�i;j�n 2 Qn�n ; bk 2 QmaxC � YAk � Y � bk 8k = 1; : : : ;mY symmetri
Y � 0I Frobenius inner produ
t: C � Y :=Pni=1Pnj=1 
ij � yij
249 / 292



Pathologi
al situationsI Case: All solutions might be irrational. x = p2 is theunique solution of0BB�1 x 0 0x 2 0 00 0 2x 20 0 2 x1CCA � 0 01234�1�2 1 2�1 �2�3�4 xp2I Case: All sol. might have exponential en
odinglength. Let Q1(x) = x1 � 2; Qi(x) := � 1 xi�1xi�1 xi �. ThenQ(x) := 0BBB�Q1(x) 0 : : : 00 Q2(x) : : : 0: : : : : : . . . ...0 0 : : : Qn(x)1CCCA � 0if and only if Q1(x); : : : ; Qn(x) � 0. I.e. x1 � 2 � 0 andxi � x2i�1, hen
e xn � 22n�1. 250 / 292



Solvability of Semide�nite ProgramsTheoremGiven rational input A1; : : : ; Am; b1; : : : ; bm; C;R and " > 0,supposeSDP = maxfC � Y j Ak � Y � bk 8k; Y symmetri
; Y � 0gis feasible and all feasible points are 
ontained in B(0; R). Thenone 
an �nd a Y � withAk � Y � � bk+"; Y � symmetri
; Y � � 0su
h that C � Y � � SDP�". The running time is polynomial inthe input length, log(R) and log(1=") (in the Turing ma
hinemodel). 251 / 292



Solving the separation problemI Remark: We show that we 
an solve the separationproblem, ignore numeri
al ina

ura
ies.I Let infeasible Y be given, we have to �nd a separatinghyperplane.(1) Case Ak � Y < bk: return "Ak � Y � bk violated"(2) Case Y not symmetri
: Find the i; j with yij < yji. Return"yij � yji violated".(3) Case Y not positive semide�nite. Find eigenve
tor v withEigenvalue � < 0, i.e. Y v = �v. ThenXi;j vTi vj � yij = vTY v < 0hen
e return "Pi;j vTi vj � yij � 0 violated". 252 / 292



Ve
torprogramsIdea: Y symmetri
 and Y � 0, 9W = (v1; : : : ; vn) 2 Rn�n : W TW = Y, 9v1; : : : ; vn 2 Rn : yij = vTi vjSDP:maxXi;j 
ijyijXi;j akij � yij � bk 8kY sym.Y � 0
Ve
tor program:maxXi;j 
ijvTi vjXi;j akij � vTi vj � bk 8kvi 2 Rn 8iObservationThe SDP and the ve
tor program are equivalent. 253 / 292



Part 24MaxCut
Sour
e:I Approximation Algorithms (Vazirani, Springer Press)I Improved Approximation Algorithms for Maximum Cut andSatis�ability Problems Using Semide�nite Programming(Goemans, Williamson) (link) 254 / 292



Problem de�nitionProblem: MaxCutI Given: Complete undire
ted graph G = (V;E), edgeweights w : E ! Q+I Find: Cut maximizing the weight of separated edgesOPT = maxS�V n Xe2Æ(S)w(e)o
j
iwij = 1 0 0 S
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A ve
tor programI Choose de
ision variable for any node i 2 V :vi = (( 1; 0; : : : ; 0) i 2 S(�1; 0; : : : ; 0) i =2 SI An exa
t MaxCut ve
tor program:max X(i;j)2E wij2 (1� vTi vj)vTi vi = 1 8i = 1; : : : ; nvi 2 Rn 8i = 1; : : : ; nvi = (�1; 0; : : : ; 0) 8i = 1; : : : ; nI Then X(i:j)2Ewij � =1 if (i;j)2Æ(S); 0 o.w.z }| {12(1� vTi vj|{z}=�1 if (i;j)2Æ(S)+1 o.w. ) = X(i;j)2Æ(S)wij 256 / 292



A ve
tor program (2)The relaxed ve
tor program:max X(i;j)2E wij2 (1� vTi vj)vTi vi = 1 8i = 1; : : : ; nvi 2 Rn 8i = 1; : : : ; n
0 vivj

b�
os(�)=vTi vj1 wij
�

wij2 (1� 
os(�))
� 257 / 292



A physi
al interpretationI n ve
tors on n-dim unit ball.I Repulsion for
e of wij between vi and vjExample: Graph G
123

4 5
wij = 1 SDP solution:

v1v2
v3
v4

v5 45�I OPT = 4I For SDP solution, pla
e v1; : : : ; v5 equidistantly on 2-dim.subspa
e. SDP = 5 � 12(1� 
os(45�)) � 4:52I Hen
e integrality gap � 1:13. 258 / 292



The algorithmAlgorithm:(1) Solve MaxCut ve
tor program ! v1; : : : ; vn 2 Qn(More pre
isely: Solve the equivalent SDP, obtain a matrixY 2 Qn�n . Apply Cholesky de
omposition to Y to obtainv1; : : : ; vn)(2) Choose randomly a ve
tor r from n-dimensional unit ball(3) Choose 
ut S := fi j vi � r � 0gTheoremE[P(i;j)2Æ(S) wij ℄ � 0:87 � OPT (i.e. the algorithm gives anexpe
ted 1:13-apx).
259 / 292



ProofI Consider 2 ve
tors vi; vj with angle� 2 [0; �℄. Let R � a be the 1-dim.interse
tion of the n� 1-dim.hyperplane x � r = 0 with the planespanned by vi; vjI a has a random dire
tionI vi; vj are separated, they lie on di�erent sides of line aR, a lies in one of the 2 gray ar
s ofangle �
a

b rvivj
I Pr[vi and vj separated℄ = 2 � �2� = ��I Expe
ted 
ontribution to APX is wij � ��(i; j) 2 Æ(S) : 0 vivj�aR (i; j) =2 Æ(S) : 0 vivj�aR 260 / 292



Proof (2)I Expe
ted 
ontribution of edge (i; j) to APX is wij � ��I Contribution of edge (i; j) to SDP is wij � 12(1� 
os(�))E[APX℄SDP � min0���� �=�12(1� 
os(�)) � 0:878:
1

�
0:87 12(1� 
os(�))�=� �

�=�12 (1�
os(�))
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State of the artTheorem (Khot, Kindler, Mossel, O'Donnell '05)There is no polynomial time < 1:138-approximation algorithm(unless the Unique Games Conje
ture is false).I That means the presented approximation is the bestpossible.
262 / 292
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Problem de�nitionProblem: Max2SatI Given: SAT formula VC2C C on variables x1; : : : ; xn. Ea
h
lause C 
ontains at most 2 literals.I Find: Truth assignment maximizing the number of satis�ed
lausesOPT = maxa=(a1;:::;an)2f0;1gn ���C 2 C j C true for assignment a	��I Example:(�x1 _ x2)| {z }
lause ^(x1 _ x2) ^ (x1 _ �x2) ^ (x1 _ x2) ^ �x1Optimal assignment: a = (0; 1) with 4 satis�ed 
lauses.I Remark: Problem is NP-hard though testing wether all
lauses 
an be satis�ed is easy. 264 / 292



A quadrati
 programI Goal: Write Max2Sat as quadrati
 programmaxXi;j aij(1 + yiyj) + bij(1� yiyj)y2i = 1yi 2 Zfor suitable 
oeÆ
ients aij ; bij .I Here yi = 1 � xi true; yi = �1 � xi falseI Let y0 := 1 be auxiliary variable.I Write v(C) = (1 if 
lause C true for y0 otherwiseI For 
lauses with 1 literalv(xi) = 1 + y0yi2 ; v(�xi) = 1� y0yi2 265 / 292



A quadrati
 program (2)I For 
lause xi _ xjv(xi _ xj) = 1� v(�xi) � v(�xj) = 1� 1� y0yi2 � 1� y0yj2= 14(3 + y0yi + y0yj � =1z}|{y20 yiyj)= 1 + y0yi4 + 1 + y0yj4 + 1� yiyj4I Similar for �xi _ xj and �xi _ �xj .I We obtain promised 
oeÆ
ients aij ; bij by summing upPC2C v(C).I Now: Relax the quadrati
 program to a (solvable) ve
torprogram. 266 / 292



The algorithmAlgorithm:(1) Solve MaxCut ve
tor programmax X0�i<j�n�aij(1 + vivj) + bij(1� vivj)�v2i = 1 8i = 0; : : : ; nvi 2 Rn+1(2) Choose randomly a ve
tor r from 0 vivjv0aR true
falsen-dimensional unit ball(3) Let yi := 1 for all i that are onthe same side of the hyperplanex � r = 0 as v0 (the "truth" ve
tor)TheoremLet APX := #satis�ed 
lauses. Then E[APX℄ � 0:87 � SDP . 267 / 292



AnalysisCase: Term bij(1� vivj) with angle � between vi; vjI Contribution to E[APX℄: 2bij � Pr[yi 6= yj℄ = 2bij ��I Contribution to Ve
tor program: bij(1� 
os(�))I Gap: min0���� 2�=�1�
os(�)) � 0:878Case: Term aij(1 + vivj) with angle � between vi; vjI Contribution to E[APX℄: 2aij � Pr[yi = yj℄ = 2aij(1� �� )I Contribution to Ve
tor program: aij(1 + 
os(�))I Gap: min0���� 2(1��=�)1+
os(�)) � 0:878
a

b rvivj Case: yi 6= yj0 vivj�aR
Case: yi = yj0 vivj�aR 268 / 292



State of the artTheorem (Feige, Goemans '95)There is a 1:0741-apx for Max2Sat.Theorem (Lewin, Livnat, Zwi
k '02)There is a 1:064-apx for Max2Sat.Theorem (Hastad '97)There is no 1:0476-apx for Max2Sat (unless NP = P).Theorem (Khot, Kindler, Mossel, O'Donnell '05)There is no polynomial time 1:063-apx for Max2Sat (unlessthe Unique Games Conje
ture is false). 269 / 292


