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Knapsa
kProblem: Knapsa
kI Given: n obje
ts with weight wi 2 Q+ and pro�t pi 2 Q+ ,size G 2 Q+I Find: Subset of obje
ts, maximizing the pro�t and notex
eeding the weight bound:OPT = maxI�f1;:::;ngnXi2I pi jXi2I wi � Go
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A dynami
 program for Knapsa
kDynami
 program:(1) Assume restri
ted pro�ts pi 2 f0; : : : ; Bg(2) Compute table entriesT (i; b) = minI�f1;:::;ignXj2I wj jXj2I pj � bo= minimum weight needed for a subset of the �rst iobje
ts to obtain a pro�t of at least busing dynami
 programmingT (i; b) = min�T (i� 1; b)| {z }don't take i ; T (i� 1; b� pi) + wi| {z }take i 	 8i 8p = 0; : : : ; B(3) Re
onstru
t I leading to maxfb 2 N0 j T (n; b) � GgObservationThe algorithm �nds optimum solutions in time O(n � B). 93 / 292



The FPTASAlgorithm:(1) S
ale pro�ts s.t. pmax = n="(2) Round p0i := bpi
(3) Compute and return optimum solution I for weights p0i
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Analysis of FPTASTheoremLet 0 < " � 12 . The algo gives a (1 + 2")-apx in time O(n2=").I W.l.o.g. OPT � pmax = n=" (we 
an delete obje
ts thateven alone do not �t into the knapsa
k)I Let I� be optimum solution for original pro�ts. Let OPT 0be optimum value for pro�ts p0. ThenOPT 0 �Xi2I� p0i = Xi2I�bpi
 � Xi2I� pi � jI�j � OPT � n� (1� ")OPT � OPT1 + 2"I Let I be solution found by dynami
 program:Xi2I pi �Xi2I p0i = OPT 0 � OPT1 + 2"I B = maxfp0ig � n=" hen
e the running time is O(n2=") 95 / 292



Part 13Multi Constraint Knapsa
k
Sour
e: Folklore 96 / 292



Multi Constraint Knapsa
kProblem: Multi Constraint Knapsa
k (M
k)I Given: n obje
ts with pro�ts pi 2 Q+ and k many budgetsBj . Obje
t i has requirement aji 2 Q+ w.r.t. budget j.I Find: Subset of obje
ts, maximizing the pro�t and notex
eeding any budget:OPT = maxI�f1;:::;ngnXi2I pi jXi2I aji � Bj 8j = 1; : : : ; koI For arbitrary k there is no n1�"-apx: Take anIndependent Set instan
e G = (V;E). For ea
h edgee = (u; v) add an \edge budget 
onstraint"aeu = aev = 1; Be = 1. Then OPT = OPTIS.12 3 ) max x1 +x2 +x31x1 +1x2 +0x3 � 10x1 +1x2 +1x3 � 1xi 2 f0; 1g 97 / 292



A PTAS for k = O(1)Algorithm:(1) Guess the dk" e items Ilarge in the optimum solution withmaximum pro�t(2) Let x� be optimum basi
 solution to the following LPmax nXi=1 xipinXi=1 ajixi � Bj 8j = 1; : : : ; kxi = 1 8i 2 Ilargexi = 0 8i =2 Ilarge : pi > minfpj j j 2 Ilargeg0 � xi � 1 8i = 1; : : : ; n(3) Output I := fi j x�i = 1g. 98 / 292



The AnalysisTheoremFor 
onstant k the algorithm has polynomial running time.Furthermore APX � (1� ")OPT .I The produ
ed solution is 
learly feasibleI LP � OPT (sin
e we guess elements from OPT )I Observation: jfi j 0 < x�i < 1gj � k sin
e x� is a basi
solution and appart from 0 � : : : � 1 there are only k
onstraints.I For i with 0 < x�i < 1 one has pi � "kOPTAPX � nXi=1bx�i 
pi � LP � Xi:0<x�i<1 pi| {z }�k� "kOPT� OPT � k � "kOPT = (1� ")OPT 99 / 292



Hardness of MultiConstraintKnapsa
kTheoremThere is no FPTAS for MultiConstraintKnapsa
k even for2 budgets, unless NP = P.Problem: PartitionI Given: Numbers a1; : : : ; an 2 N, S :=Pni=1 ai,m 2 f1; : : : ; ngI Find: I � f1; : : : ; ng : jIj = m;Pi2I ai = S=2I Re
all: Partition is NP-hard.I De�ne M
k instan
e with 2 
onstraints:maxPni=1 xiPni=1 xiai � S=2Pni=1 xi(S � ai) � S(m� 12)xi 2 f0; 1g 8i = 1; : : : ; n 100 / 292



ProofI Claim: 9 Partition solution , OPTM
k � mI ) Suppose 9I : jIj = m;Pi2I ai = S=2. Then this is aM
k solution of value m sin
eXi2I (S � ai) = mS �Xi2I ai = S(m� 12)I ( Let I be M
k solution of value � m.jIj�S�S2 1: 
onstr.� jIj�S�Xi2I ai| {z }�S=2 =Xi2I (S�ai) 2: 
onst.� m�S�S2I Hen
e jIj = m. Then ineq. holds with "="I Thus Pi2I ai = S=2.I Now suppose for 
ontradi
tion we would have an FPTASfor M
k: Then 
hoose " := 1n+1 . Then the FPTAS wouldgive an optimum solution for the instan
e resulting fromthe Partition redu
tion. 101 / 292



Part 14Bin Pa
king
Sour
e: Combinatorial Optimization: Theory and Algorithms(Korte, Vygen) 102 / 292



Bin Pa
kingProblem: BinPa
kingI Given: Items with sizes a1; : : : ; an 2 [0; 1℄I Find: Assign items to minimum number of bins of size 1.OPT = minnk j 9I1 _[ : : : _[Ik = f1; : : : ; ng : 8j :Xi2Ij ai � 1oI De�ne size(I) =Pi2I ai
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First FitFirst Fit algorithm:(1) Start with empty bins(2) FOR i = 1; : : : ; n DO(3) Assign item i to the bin B with least index su
h thatai +Pj2B aj � 1LemmaLet m be the number of used bins. Thenm � 2Pni=1 ai + 1 � 2 �OPT + 1.I All but m� 1 bins must be �lled with � 12 (otherwise wewould not have opened a new bin):nXi=1 ai � 12(m� 1) 00:51 bin 1 : : : bin mI Hen
e m � 2Pni=1 ai + 1. 104 / 292



Linear GroupingI Input: Instan
e I = (a1; : : : ; an), k 2 NI Output: Instan
e I 0 = (a01; : : : ; a0n) with a0i � ai and � kdi�erent item sizes(1) Sort a1 � a2 � : : : � an(2) Partition items into k 
onse
utive groups of dn=ke items(the last group might have less items)(3) Let a0i be the size of the largest item in i's group
I 0 1I 0 a1 a2 : : : ana01 = a02 = : : :

group 1 group 2 group k
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Linear Grouping (2)LemmaOPT (I 0) � OPT (I) + dn=ke.I Consider solution OPT (I). Assign item a0i of group j to aspa
e for item in group j + 1I Assign largest dn=ke items to their own bin
I 0 1I 0 a1 a2 : : : ana01 = a02 = : : :

group 1 group 2 group k
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An asymptoti
 PTASAlgorithm of Fernandez de la Vega & Lueker:(1) Let I = fi j ai > "g be set of large items (other items aresmall)(2) Apply linear grouping with k = 1="2 groups to I ! I 0(3) Compute an optimum distribution of I 0(4) Distribute the small items over the used bins using First FitLemmaThe algorithm runs in polynomial time and uses at most(1 + 2")OPT + 1 bins.I Let b1; : : : ; b1="2 di�erent item sizes in I 0.I Possible bin 
on�gurationsP = fp 2 f0; : : : ; 1="g1="2 j bT p � 1g. jPj � (1="2)1=".I Solution is des
ribed by (np)p2P (np = how many timesshall I pa
k a bin with 
on�guration p?), np 2 f0; : : : ; ngI � n(1="2)1=" possibilities for (np)p2P . 107 / 292



An asymptoti
 PTAS (2)I We need OPT (I 0) + # of bins additionally opened for thesmall itemsI Note thatOPT (I 0) � OPT (I)+djIj�"2e � OPT (I)+d"�OPT (I)e = (1+2")�OPTusing OPT (I) �Pi2I ai � " � jIj and OPT � OPT (I).I Suppose we need to open an additional bin for small items.Let m be total number of used bins. Then all but one binare �lled to � 1� ". Hen
eOPT � mXi=1 ai � (1� ") � (m� 1)and m � OPT1� " + 1 � (1 + 2")OPT + 1 108 / 292



Se
tion 14.1The algorithm of Karmarkar & Karp
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The Algorithm of Karmarkar & KarpTheorem (Karmarkar, Karp '82)One 
an 
ompute a BinPa
king solution withOPT +O(log2 n) many bins in polynomial time.I Assume ai � Æ := 1n (again one 
an distribute items thatare smaller than 1n after distributing the large items.
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The Gilmore-Gomory LP-relaxationI Let bi 2 N now the number of items of size aiI n = number of di�erent item sizesI m :=Pni=1 bi = total number of itemsI P = fp 2 Zn+ j aT p � 1g set of feasible patternsI Variable xp = # of bins pa
ked with pattern pPrimalmin1Tx (P (P))Xp2P xpp � bx � 0I # var. exponentialI # 
onstr. polynomial
Dualmax yT b (D(P))pT y � 1 8p 2 Py � 0I # var. polynomialI # 
onstr. exponentialIdea: Solve the dual with Ellipsoid! 111 / 292



ExampleI Item sizes a1 = 0:3; a2 = 0:4I # of items b1 = 31; b2 = 7I Set of patterns P =��01�; �02�; �11�; �21�; �10�; �20�; �30�	Primalmin1Tx( 0 0 1 2 1 2 31 2 1 1 0 0 0 )x � ( 317 )x � 0I Opt basi
 solution isx = (0; 0; 0; 7; 0; 0; 173 )

Dualmax 31y1 + 7y20B� 0 10 21 12 11 02 03 01CA y � 0B� 11111111CAy � 0
00:20:4

0:60:81:0
0 0:2 0:4 0:6 0:8 1:0y1
y2 �01��02��11��21� �10�

�10��30� bD(P) 112 / 292



Weak Separation Problem"-Weak Separation Ora
le for P � Rn , obj.f
t. 
 2 QnInput: Ve
tor z 2 QnOutput: One of the followingI Case (A): Ve
tor a with aTx � aT z 8x 2 PI Case (B): Point y 2 P with 
T y � 
T z � "2Case (A):
P za



Case (B):

P zy
� "2


I If z 2 P , just return z (! 
ase (B)). 113 / 292



Gr�ots
hel-Lov�asz-S
hrijver AlgorithmI Input: 
 2 Qn ; x0 2 Qn ; "; r; R 2 Q+ :B(x0; r) � P � B(x0; R)I Output: y� 2 P with 
T y� � OPTf � "(1) Ellipsod E0 := B(x0; R) with 
enter z0 := x0, y� := x0(2) FOR t = 0; : : : ; poly DO(4) Submit zt to "-weak separation ora
le(5) Case (A) ! a: Compute Et+1 � Et \ fx j aTx � aT ztg(6) Case (B) ! y 2 P :(7) IF 
T y > 
T y� THEN y� := y(8) Compute Et+1 � Et \ fx j 
Tx � 
T ztgInput/Output:
Px0rR y�� "
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Gr�ots
hel-Lov�asz-S
hrijver AlgorithmI Input: 
 2 Qn ; x0 2 Qn ; "; r; R 2 Q+ :B(x0; r) � P � B(x0; R)I Output: y� 2 P with 
T y� � OPTf � "(1) Ellipsod E0 := B(x0; R) with 
enter z0 := x0, y� := x0(2) FOR t = 0; : : : ; poly DO(4) Submit zt to "-weak separation ora
le(5) Case (A) ! a: Compute Et+1 � Et \ fx j aTx � aT ztg(6) Case (B) ! y 2 P :(7) IF 
T y > 
T y� THEN y� := y(8) Compute Et+1 � Et \ fx j 
Tx � 
T ztgCase (A): EtP zta
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Gr�ots
hel-Lov�asz-S
hrijver AlgorithmI Input: 
 2 Qn ; x0 2 Qn ; "; r; R 2 Q+ :B(x0; r) � P � B(x0; R)I Output: y� 2 P with 
T y� � OPTf � "(1) Ellipsod E0 := B(x0; R) with 
enter z0 := x0, y� := x0(2) FOR t = 0; : : : ; poly DO(4) Submit zt to "-weak separation ora
le(5) Case (A) ! a: Compute Et+1 � Et \ fx j aTx � aT ztg(6) Case (B) ! y 2 P :(7) IF 
T y > 
T y� THEN y� := y(8) Compute Et+1 � Et \ fx j 
Tx � 
T ztgCase (A): EtEt+1P zta

 116 / 292



Gr�ots
hel-Lov�asz-S
hrijver AlgorithmI Input: 
 2 Qn ; x0 2 Qn ; "; r; R 2 Q+ :B(x0; r) � P � B(x0; R)I Output: y� 2 P with 
T y� � OPTf � "(1) Ellipsod E0 := B(x0; R) with 
enter z0 := x0, y� := x0(2) FOR t = 0; : : : ; poly DO(4) Submit zt to "-weak separation ora
le(5) Case (A) ! a: Compute Et+1 � Et \ fx j aTx � aT ztg(6) Case (B) ! y 2 P :(7) IF 
T y > 
T y� THEN y� := y(8) Compute Et+1 � Et \ fx j 
Tx � 
T ztgCase (B): EtP b zty� "2 
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Gr�ots
hel-Lov�asz-S
hrijver AlgorithmI Input: 
 2 Qn ; x0 2 Qn ; "; r; R 2 Q+ :B(x0; r) � P � B(x0; R)I Output: y� 2 P with 
T y� � OPTf � "(1) Ellipsod E0 := B(x0; R) with 
enter z0 := x0, y� := x0(2) FOR t = 0; : : : ; poly DO(4) Submit zt to "-weak separation ora
le(5) Case (A) ! a: Compute Et+1 � Et \ fx j aTx � aT ztg(6) Case (B) ! y 2 P :(7) IF 
T y > 
T y� THEN y� := y(8) Compute Et+1 � Et \ fx j 
Tx � 
T ztgCase (B): EtP Et+1b zty� "2 
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AnalysisTheoremLet OPTf = maxf
Tx j x 2 Pg. The GLS algorithm �nds ay� 2 P with 
T y� � OPTf � ".I Suppose for 
ontradi
tion this is false.I Let x� 2 P be opt. sol.; ' input size.I Inequalities from 
ase (A) never 
utpoints from PI Ineq. from 
ase (B) never 
ut pointsbetter than OPTf � "2 (otherwise wewould have found a suitable y�) Px0 x�r 
U U 0y� "2"2
I Let U := 
onvfB(x0; r); x�g andU 0 = fx 2 U j 
Tx � OPTf � "2g. By standard volumebounds: vol(U 0) � (12)poly('). But U 0 � Et 8t. Afterpoly(') many it. vol(Et) = (1� �(1)n )t � vol(E0) < vol(U 0).Contradi
tion! 119 / 292



A useful observationObservationConsider a run of the GLS algorithm for P � Rn whi
h yieldsy� 2 P . Let aT1 x � b1; : : : ; aTNx � bN be the inequalities whi
hthe ora
le are returned for Case (A).I Ea
h aTi x � bi is feasible for PI 
T y� � maxf
Tx j aTi x � bi 8i = 1; : : : ; Ng � "
P 


y� � "
aTi x � bi 120 / 292



Solving D(P)LemmaSuppose ai � Æ. Then we 
an �nd a feasible solution y� to D(P)of value � OPTf � 1 in time polynomial in n;m; 1Æ .I Apply GLS algo for " := 1. Choose y0 = ( Æ2 ; : : : ; Æ2).B�y0; Æ2� (Æ;:::;Æ)T p�1� D(P) � B(y0; n)I We use Pni=1 pi � 1Æ forany feasible patternp 2 P sin
e ai � Æ y1
y2

yT p � 1ÆÆ D(P)y0 Æ2 121 / 292



Solving D(P) (2)I We solve "-weak separation problem for z 2 Qn .I If zi < 0! Case (A) (inequality zi � 0 violated)I If zi > 1! Case (A) (inequality zT ei � 1 violated)I Round z down to nearest multiple of 12m and term thisve
tor y. Solve p� = argmaxfyT p j p 2 Pg(Knapsa
k with pro�ts from 0; 1 � 12m ; 2 � 12m ; : : : ; 1)Case yTp� > 1:I Then zT p� � yT p� > 1! Case (A).
y1

y2 yT p� � 1zyD(P)
Case yT p� � 1:I Then y 2 D(P). AndzT b�yT b � m� 12m = 12 = "2 .! Case (B)

y1
y2 yTp� � 1zyD(P)I GLS yields a solution y� mit bT y� � OPTf � 1. 122 / 292



Finding a near optimal basi
 solution for P (P)TheoremSuppose ai � Æ. Then we 
an �nd a basi
 solution x� for P (P)of value � OPTf + 1 in time polynomial in n;m; 1Æ .I Run GLS to obtain sol. y� to D(P) with bT y� � OPTf � 1I Let yT p � 1; p 2 P 0 be inequalities returned by ora
le for
ase (A). P 0 � P has polynomial size andD(P) y� valid for D(P)� bT y� � D(P 0)� 1 (1) y1y2 2 P 0bD(P)y� D(P 0)I Compute optimum basi
 solution x� for P (P 0) in poly-time.1Tx� = P (P 0) duality= D(P 0) (1)� D(P) + 1 duality= P (P) + 1I x� is also a (non-optimal) basi
 solution for P (P) 123 / 292



Geometri
 GroupingI Input: Instan
e I = (a1; : : : ; an), size(I) =Pni=1 aibi � n,ai � ÆI Output: Rounded up instan
e I 0 with n=2 di�. item sizesOPTf (I 0) � OPTf (I) plus waste of O(log 1Æ )(1) Sort items w.r.t. sizes e1 � e2 � : : : � em (ai appears bitimes)(2) Let G1 = fe1; : : : ; e`1g be minimal set of items withPi2G1 ei � 2, then 
ontinue with G2,: : :. Let `i := jGij benumber of items in Gi(3) Remove �rst and lastgroup ! waste(4) From Gi throw awaysmallest `i � `i+1items ! waste(5) Round up items in Gito largest item ! I 0 wasteI 0IG1 G2 G3 G4 G5
`1 `2 `3 `4 `5
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Geometri
 Grouping (2)LemmaSize of waste is O(log 1Æ ).I Size of 1st and last group is O(1)I Consider group Gi. Total size of items in Gi is � 3.I Num of groups is � n=2. Cleary 2Æ � `1 � `2 � : : :.I The ni := `i � `i+1 smallest items in Gi have size � 3ni`i .waste � 3Xi ni`i � 3 `1Xj=1 1j `1�2=Æ= O(log 1Æ )Gì i items of total size � 3
ni items of total size � 3ni`i 125 / 292



The algorithmAlgorithm:(1) Compute a basi
 solution x to P (P) with 1Tx � OPTf + 1(2) Buy bxp
 times pattern p, let I be remaining instan
e(3) Apply geometri
 grouping to I (with n di�erent item sizes)! I 0 (with n=2 di�erent item sizes)(4) Re
urseTheoremOne has APX � OPTf +O(log2 n).I Sin
e x is basi
 solution, jfp j xp > 0gj � n.I After (2) size(I) �Pp(xp � bxp
) � n.I Let xt be solution x in iteration t. We buy Ppbxtp
 bins,but OPTf de
reases by the same quantity.I We pay in total OPTf+ total waste. We have O(log n)re
ursions; in ea
h re
ursion we have a waste ofO(log 1Æ ) = O(logn). 126 / 292



State of the artI Computing OPT exa
tly is NP-hard even if the numbersai are unary en
oded (i.e. BinPa
king is stronglyNP-hard).Open questionOne 
an 
ompute a Bin Pa
king solution with � OPT + 1bins in poly-time?Mixed Integer Roundup Conje
tureOne has OPT � dOPTfe+ 1.
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